Abstract: This paper presents a flight control design for longitudinal motion of helicopter to establish autopilot techniques of helicopter-type unmanned aerial vehicles (UAVs). The characteristics of the linearized equation of the helicopter is changed during a specified flight mission because the trim values of the nonlinear equation are also varied. In this paper, the longitudinal motion of the helicopter is modeled by a linear interpolative polytopic model whose varying parameter is the flight velocity. A flight control systems with a gain scheduling state feedback law is designed to stabilize the vehicle and track a reference which realizes the flight mission. The effectiveness of the proposed flight control system is evaluated by computer simulation.
INTRODUCTION
Recently, unmanned aerial vehicles (UAVs) have been developed for the purposes of scientific observations, detecting disasters, surveillance of traffic and army objectives [1] - [3] . This paper presents a flight control design for a small autonomous helicopter to give insights for developing helicopter-type UAVs.
A Helicopter is generally an unstable aircraft. Once it is stalled, it is not easy to recover its attitude. A control system is therefore needed to keep the vehicle stable during flight [4] , [5] . This paper presents a flight control design for longitudinal motion of helicopter to establish autopilot techniques of helicopters. The flight mission considered in this paper is that a helicopter hovers at a start position, moves to a goal position with keeping a specified cruise velocity and hovers again at the goal. The characteristic of the linearized equation of the helicopter is changed during this flight mission because the trim values of the nonlinear equation are also varied. In this paper, the flight control system is designed as follows. The longitudinal motion of a helicopter is first modeled by a linear interpolative polytopic model whose varying parameter is the flight velocity. A flight control systems with a gain scheduling (GS) state feedback law [6] is designed to stabilize the vehicle and track a reference which realizes the flight mission. The effectiveness of the proposed flight control system is evaluated by computer simulation using Matlab / Simulink. Figure 1 shows a helicopter considered in this paper. (x, y, z) represent the body-fixed-axes whose origin is located at the center of gravity of the vehicle. The forward velocity is V whose x-and z-axes elements are u and w, respectively. The main rotor produces the aerodynamic force which consists of the lift L and the thrust T . It depends on the tilting angle of the control plane. The rotor blades are regarded as cantilevered elastic beams. The restored force is modeled by a rotational spring attached at 
EQUATION OF LONGITUDINAL MOTION OF HELICOPTER
where m and I yy are respectively the mass and the moment of inertia of the vehicle. g is the gravity acceleration. The external forces X, Z and the moment M are given by
where D is the drag. h R is the distance of hub from the center of gravity. The induced velocity v i through the rotor is approximated by a first-order system. Define the state and the input vectors as
where θ 0 and θ c are the collective and the cyclic pitch angles. The equation of longitudinal motion of helicopter is then written aṡ
Equation (9) is referred as the nonlinear plant P nl hereafter.
Letting x e and h e be horizontal and the vertical positions of the helicopter from the start, they are given bẏ
Defining ξ p as ξ p = [x e h e ] T , they are compactly given asξ
Since this paper considers hovering and forward flight, the trim condition is given in level flight. Lettingx p andū p be the state and the input in trim, respectively, f (x p ,ū p ) = 0 holds. 
CONSTRUCTION OF FLIGHT CONTROL SYSTEM
Let the start position be the origin of the coordinates (x e , h e ). The flight mission is to navigate the helicopter from the start (0,0) to the goal, denoted as (x r , h r ), with keeping attitude stable. To design a control system, the followings are assumed to be satisfied:
The trim valuesx p andū p are known in advance. To realize the flight mission, this paper constructs a tracking control system whose controlled variable is the flight velocity. The flight region is divided into six phases as shown in Fig. 3 . They are referred as follows.
1. 0 ≤ t < t c1 : initial hovering phase 2. t c1 ≤ t < t c2 : acceleration phase 3. t c2 ≤ t < t c3 : cruise phase 4. t c3 ≤ t < t c4 : deceleration phase 5. t c4 ≤ t < t c5 : low speed phase 6. t c5 ≤ t: approach phase Until the low speed phase, the reference of the flight velocity is given by V r shown in Fig. 3 . In this paper, the total time of the flight is not cared. But the integrated value of V r for t ∈ [0, t c5 ] must be less than x r not to overtake the goal before the approach phase. In the approach phase, the reference is generated to meet the travel
T with ξ r = [x r h r ] T . Taking into consideration the above, a double loop control system [7] , [8] is applied to design a flight control system in this paper. It is given in Fig. 4 . P nl represents the nonlinear helicopter dynamics given by Eq. (9), K in is the inner-loop controller, K out is the outer-loop controller and K p is a gain. The controlled variable from the initial hovering to the low speed phase is given by
T and its reference is given by z r = [u r w r ] T .
In the approach phase, another loop is added outside of
T is the controlled
where E is a feedforward gain for tracking the reference, while F is a feedback gain for stabilizing the plant. Since the trim values are changed as shown in Fig. 2 , the characteristics of the linearized plant is also varied. Then, F is designed by a GS technique in terms of LMI formulation.
The reference z r from the initial hover to the low speed phase is generated by the flight velocity profile shown in Fig. 3 , and z r in the approach phase is derived from the positional error ξ r − ξ p . The switch of the reference is done at t = t c5 .
DESIGN OF CONTROL SYSTEM

Linear interpolative polytopic model
The objective of flight control in this paper is that the controlled variable is regulated to the specified trim condition. Linearized models along with the trim may be therefore used for controller design. Lettinḡ x p (V ),ū p (V ) be respectively the state and the input in trim where the flight velocity is V , the perturbed state and the input are defined as
The linearized equation of Eq. (9) is then given as
Although matrices A p and B p are functions with respect to V , it is hard to get their explicit representations because of complicated dependence of V as described in Section 2. Then, A p and B p are approximated by interpolating multiple linearized models in the trim condition. For the range of the flight velocity V ∈ [0, V u ], r points {V 1 , · · · , V r }, called as the operating points, are chosen as
The linearized model for V = V i is a local LTI model representing the plant near the i-th operating point. Linearly interpolating them, a global model over the entire range of the flight velocity is constructed as
where
µ i (V ) satisfied the following relations.
Equation (18) with Eq. (19) is called as the linear interpolative polytopic model in this paper.
Design of K in
Under assumption (ii), consider a state feedback law
where v is a feedforward input for tracking z r and is given by v = z r −z p when designing K in . The closed-loop system combining Eq. (22) with Eq. (18) is given by
The steady-state controlled variable is given by
v is then given so as to meet z p (∞) with the reference z r ; that is, z p (∞) → z r . E is designed as
Next, F (V ) is designed so that the closed loop system is stable over the entire flight range and H 2 cost is globally suppressed [6] . The controlled plant is newly given by
where z 1 and w 1 are respectively the input and the output variable for evaluating H 2 cost. B 1 (V ), C 1 (V ) and D 1 (V ) are matrices corresponding to z 1 and w 1 . Substituting Eq. (22) without v into Eq. (26), the closed-loop system is  
In this paper, F (V ) is designed so as to minimize the integration of
That is, the objective is to find F (V ) such that [9] . .
and W (V ) are also given by similar polytopic forms. Furthermore, dP/dV are approximated as
Pre-and post-multiplying diag{X, I} to Eq. (28) and using the polytopic forms, the following LMIs are derived as a sufficient condition.
Design of K out
Since v in Eq. (22) is a feedforward input from the flight velocity reference, the tracking error will be occurred by model uncertainties and/or disturbances. Let us evaluate this in the LTI representation. Let T zpv (s) be a transfer function from v to z p . z p converges to a constant z r if there are no model uncertainties in T zpv (s) because T zpv (0) = I. If T zpv (0) is varied as T zpv (0) = I + ∆ due to model uncertainties, we have the following steadystate error:
To reduce the error, a feedback from z p ; that is, an outerloop is added as shown in Fig. 4 . The transfer function from z r to z p is given by
The steady-state error is then
This means that the steady-state error e 1 with the outerloop is reduced by (I + T zpv (0)K out (0)) −1 . Summarizing the above, the design requirements of K out are given as follows:
(i) K out must stabilize T zpv .
(ii) The amplitude of (I + T zpv (jω)K out (jω))
should be small in the low frequency region.
SIMULATION
To evaluate the proposed flight control system, a flight simulator is built on MATLAB/Simulink. For design and discussion hereafter, the notations about plant models are given as follows: P lpv (V ) is a linear parameter varying (LPV) model obtained by linearizing P nl . P poly (V ) is the linear interpolative polytopic model given by Eq. (18) with Eq. (19). P lti (V d ) is an LTI model where the flight velocity is fixed at V d .
Two cases of flight control system with respect to F are compared in simulation. One is that F was designed by GS where the plant model was P poly (V ). Another is that F was designed by LQR where the plant model was
The former is called as GS-SF, while the latter is called as Fixed-SF. The parameter values of the flight velocity profile in Fig. 3 were given as follows: 
Evaluation of design models
According to Section 4.1, three linear interpolative polytopic models were obtained. Table 1 shows the operating points chosen for the models. The design points V d of three LTI models are shown in Table 2 . The ν-gap metric is one of criteria measuring the model error in the frequency domain. It had been introduced in robust control theories associated with the stability margin [10] . The ν-gap metric between two LTI models, P 1 (s) and P 2 (s), is defined as
The range is δ ν ∈ [0, 1]. A large δ ν means that the model error is large. The ν-gap metric is used for evaluating the model P poly (V ) and P lti (V d ). Figure 5 shows ν-gap metric between P lti (V d ) and P lpv (V ) and between P poly (V ) and P lpv (V ). δ ν (P lti (V ), P lpv (V d )) was rapidly increased when V was shifted from V d . On the other hand, the maximum of δ ν (P poly (V ), P lpv (V )) was reduced according to the number of the operating points. It was seen that P poly (V ) appropriately approximated P lpv (V ) over the entire flight range.
Design of F and H 2 cost
The design parameters for designing F in Eq. (26) were given as follows. 
They were used for both of GS-SF and Fixed-SF. GS-SF was designed according to Section 4.2, while Fixed- Figure 6 shows the H 2 cost of the closed-loop system which the designed F is combined with Eq. (26). The H 2 cost by F fix−3 was minimized at V = 40 [m/s] which was near the design point V d = 50 [m/s], but was increased in the low flight region. The H 2 cost by F fix−1 and F fix−2 showed the similar result. On the other hand, the H 2 cost by F gs−2 and F gs−3 was kept small over the entire flight region. The H 2 cost by F gs−1 was small in the low flight velocity but was increased in the high flight region.
Tracking evaluation
The flight mission given in Fig. 3 was performed in Simulink. Figure 7 shows the time histories of the closed loop system whose F was F gs−3 . The responses by F gs−3 showed improved tracking and settling properties compared to other cases.
CONCLUDING REMARKS
This paper has presented a flight control design for longitudinal motion of helicopter to establish autopilot techniques of helicopter-type UAVs. The characteristics of the linearized equation of the helicopter was changed during a specified flight mission because the trim values of the nonlinear equation were also varied. In this paper, the longitudinal motion of the helicopter was modeled by a linear interpolative polytopic model whose varying parameter was the flight velocity. The model error was evaluated by the ν-gap metric. The effectiveness of the proposed flight control system was evaluated by computer simulation using MATLAB / Simulink. The model error of the polytopic model was smaller than that of LTI models which were obtained at specified flight velocity. Flight control systems with GS state feedback showed better control performances than those with fixed-gain state feedback. The double loop flight control structure was useful for performing flight mission considered in this paper.
